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ARTICLE INFO ABSTRACT

Keywords: The stationary distribution, as a fundamental concept in stochastic processes, is of great
Stochastic predator—prey model significance for exploring the long-term behavior and stability of populations. In this paper,
Stationary distribution a stochastic reaction-diffusion predator—-prey model with additional food, fear effect and
Additional food

anti-predator behavior is proposed, in which the stochastic fluctuations are characterized by
a Ornstein—-Uhlenbeck process. We proved the existence and uniqueness of the stationary
distribution of the stochastic model by constructing the Lyapunov function. Moreover, this study
extends the work of Qi and Liu (2024).

Anti-predator behavior
Ornstein—Uhlenbeck process

1. Introduction

The study of long-term behavior and stability of populations is of great significance for revealing ecological laws, protecting
the ecological environment, promoting sustainable development, and advancing research and applications in related fields. The
long-term behavior and stability of populations are not only directly influenced by interspecies factors, but also influenced by many
indirect factors. Factors such as fear effect, additional food, and anti-predator behavior have been hot topics of particular concern
for ecologists in recent years. The fear effect can affect the birth rate, foraging behavior, and even the distribution of the entire prey
population [1,2]. Additional food may make predators live better and hunt more skillfully [3,4]. Anti-predator behavior undoubtedly
increases the difficulty of predation, making the dynamic relationship between predators and prey more complex [5,6]. Therefore,
based on [7], we propose the following stochastic reaction-diffusion predator—prey model with additional food, fear effect and
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anti-predator behavior

ru ﬁuv .
du = [duAM + m - fml/l - aluz - m]dl + KludVVl(t), in Rt x 0O,
cp(u+y)p .
Jdv= [dUAU + FE £l — apv? — quo|dr + KudWy(2), in R x O, O
dou Jv
— = =0, Rt x 00,
on  on on
u(0,x) = up(x) 2 0, v(0,x) = vy(x) 20, in O,

where u and v represent the biomass of prey and predator, respectively. r and ¢,, stand for the birth rate and mortality rate of prey.
a, and a, stand for the coefficient of intra-specific interference among preys and predators. k is the fear level induced by predator.
B is the rate of predation. ¢ and ¢, respectively are the conversion efficiency and mortality rate of predator. y is the quantity
of the additional food supplied to the predator, and p is the strength of mutual interference among predators. ¢ is normalization
coefficient relating the densities of prey and predator to the environment in which they interact. é is the ratio between the handling
times towards the additional food and the prey. # is the rate of anti-predator behavior of prey to the predator. d, > 0 and d, > 0
represent the diffusion rate of prey and predator, respectively. 4 is the usual Laplacian operator in 2 c R, O is a bounded smooth
domain of R"(n > 1), n is the outward normal to 90. k;(i = 1,2) represent the intensities of the white noise. W (1) = (W,(1), W,(1)) is a
mutually independent Brownian motion denoted on a complete probability space (2, F, {F},»,P) with a filtration {F,},, satisfying
the usual conditions.

However, the traditional stochastic models often use white noise to simulate this randomness, but the white noise model may
experience strong noise fluctuations when the time approaches zero, which is inconsistent with the actual situation. In order to
better describe and predict the long-term behavior and stability of populations under the influence of random noise, the Ornstein—
Uhlenbeck process is introduced into the stochastic population model [8-10]. The Ornstein-Uhlenbeck process is a mean regression
process that describes the random behavior of a variable fluctuating around its mean and has the characteristic of regressing to
the mean as time approaches infinity. This characteristic enables the Ornstein—Uhlenbeck process to more accurately simulate the
random fluctuations in population size in actual ecosystems. Therefore, if we directly apply the Ornstein—Uhlenbeck process to
disturb the mortality rate of &, and ¢,,, we can obtain the model

d¢ =1[0,(, — EO)ldt + @, dW; (1),

d¢ =[0,(E,, — 1At + @, dW, (1),
where 6, > 0 and 6, > 0 are the speeds of reversion, w; > 0 and w, > 0 are the intensities of volatility. £, > 0 and ¢,, > 0 are the
long-term average levels used to measure natural mortalities &(r) and ¢(r), respectively.

Combined with model (1) and (2), we propose the following stochastic reaction—diffusion predator-prey model with additional
food, fear effect and anti-predator behavior, in which the stochastic fluctuations are characterized by a Ornstein-Uhlenbeck process

(2)

Puv _ .
du = [d Au+ —— 1 "y it u? B — (& —&pe 91’u] dt + o, (H)udW,(®), in RT x O,
_ Cﬂ(u + 7w 2 —0,t o
) dv = [dUAU+ v $nU — U™ — quov — (& — &, e 2 v dt + o, ()vd W5 (1), in RT X O, 3)
du_ dv =0, on RT x 00,
Jn  on

u(0,x) = up(x) > 0, v(0,x) = vy(x) >0, in O,

O'

where & = £(0), £, = £(0), 6,() = 2= V1 —e 201! 6,)(1) = V1-e 20 Let § = 2=
V201 F 26, 29
For the stochastic model (3), the stationary distribution is of great significance for explormg the long- erm behavior and stability
of populations [11]. There are few studies on the stationary distribution of the stochastic reaction-diffusion models [7,8,12]. Thus,
we apply the strategy in [13] to investigate the existence and uniqueness of stationary distribution, which is presented in Section 2.

2. Stationary distribution

According to Ref. [13], we define H := {d) ¢ e Lz((ﬂ) 2 e 120),i=1 2}, and H~! is the dual space of H. Denote ||- || is the
norms in H, and (-, -) is the duality product between H and H 1. Denote £(H) to be the set of all bounded continuous real-valued

functions over H, where H = H x H. Let B(H) is the Borel algebra over H, then P(H) is the space of all probability measures over

(O, B(H)).

Definition 2.1 ([14]). For all solutions w(t, x) = (u(t, x), v(t, x)) € H of model (3), if exists a probability measure = € P(H) such that
”(g) =r (]Ptg) >

where

7(g) = /Hg(tﬁ)ﬂ(dtﬁ) and P;g(¢) := Eg(w(t, x, ¢)), g € L(H).
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then a probability measure = € P(H) is a stationary distribution.
Moreover, for 7|, 7z, € P(H), define a metric on P(H) by

d(my, mp) = sup / g(p)m (dg) — / g((ﬂ)ﬂz(d(ﬂ)|,
geM IJH H
where
M:={g :H-R, [g(@)-g@|<l¢-ol. V¢ oecHand|g() <1}.
Hence, P(H) is complete under the metric d(.,-).

Lemma 2.1. There exists a positive constant K such that

/ (u(z, 0+ Lo, x)) dx < K as.
© c

Proof. Define function V (¢, x) = /(9 (u(t, x)+ %U(l, x)) dx. Applying It6’s formula yields

Bru(t, x)
€+ 6y +u(t,x) + pu(t, x)

t, _
dV@@:A[T$%%5—QWJ%mf&w—%—éﬁ6WQ@+

- g—'"v(z, 0= 202, = Lugt, o, x) - 1@0 —&)e %Nt x) + d, Au(t, x) + d—"Au(z, x) | dxdt
c c c c c

+ / oy (Ou(t, x)dxdW, (1) + / UZT(’)u(z,x)dxd%(t)
[¢] o

(r+8n,— &) cfy? 1
< < 4, + (et > dr-¢, /(9 (u(t, x) + p u(t, x)) dxdr

+ / oy (Ou(t, x)dxd W, (1) + / UzT(t)v(t,x)dxdWZ(t)
[¢] o

<[K| =&, Vx| dr+ / oy (Du(t, x)dxd W, (1) + / 627(1)1;(:, x)dxdWs(t),
O o

_ =) cy?
where K| = ~—2—=n Tt

4a
Now, the stan(liard method in Lemma 2.3 in [15] can prove this Lemma, so it will not be repeated. []

Lemma 2.2 ([13]). Suppose that for any bounded subset U C H and ¢ > 1, we have
(D) sup;s supyey Ellw(t, x, §)II” < oo;
(i) lim,_, , supy ey Ellw(t, x, ) — w(t, x, olf =0,

then the process w(t, x, ¢) has a stationary distribution.

To prove the existence and uniqueness of the stationary distribution of model (3), we only need to verify that (i) and (ii) of
Lemma 2.2 are satisfied, that is, to prove the following Theorems 2.1 and 2.2.

Theorem 2.1. For any ¢ > 1, we have

sup E (Jluct, )7 + llot, 7)) < G,
0<t<T

where C, =2 (|lugll” + llugll) €27 is a constant, where

1 . . Y 1 M ¥
C, = max {fr+ S0 =157 +8V20%5] ¢ep <€ w5t 1) + 540 =15 + sﬁflag} :
Proof. First, for # > 1, applying It6’s Lemma to ||u(t, x)||” + ||v(z, x)||? yields

llutt, N + llo, )11

t
=|u(0, x)||” + [0, )||” +/ <f||u(r,x)||f—2 <u<r,x), 1”'(;")> — &, lu(r, )¢ - Lay ||u(r, x)|| '+
0 + ku(r, x)

Pu(r, x)v(t, x)
€+ 6y +u(r,x) + pu(r, x)

-—fuwnxnffz<mnx» >-—f@o—5mk*“Wm03xmf

3
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cpulr, x) + y)u(r, x) _ ¢ _ 1+¢
et oy tulrx) + oo ) > EEullvr, )N = Cag|lu(r, x|

= Znllotr, 2o, %), ulr, x)o(r, X)) = £ = Ee™ 2 o, DN + £d, lutr, )N 2 (dulr, ), u(r, x))

+ Cllotr, 0l1° 2 <v(r, x),
Q)

+ £d,|lo(r, 01”7 (do(r, x), v(r, X)) + %f(f =D (eFMlutr. )N + o3 ()lor )II7) ) dr

1

t
+ [ enolue ol awio)+ [ ool awye.
0 0
Taking the expectation and sup(-) to (4), and then using Young inequality and Burkholder-Davis-Gundy inequality [16], one has

sup E(llutr, )7 + lloe, 0)117)
0<t<T

t
<E(lu(0, )1 + 100, x)I") + sup IE/ < erllugr, 0l + fCﬁ( !
0<r<T €+ 0oy

+ 1) llogr, )1l
= £d,||utr, )" |Vutr, )NI> = €4, [lo0r, )Nl Vo, )1 + %f(f =D (a7 Ollutr, Nl + o3 ][o@r, )|%) )

t t
+ sup E /O £o () lutr, )| AW, (r) /0 £oy(M)llvlr, )| dWa(r)

+ sup E
0<t<T 0<t<T

t
E (|1u(0, x)|I” + [[0(0, )| ) + sup ]E/ (fr+%f(f— 1)&12) llu(r, )| dr
0

0<t<T

t
E ¢ 1) + =22 - 1)&? 0|14 d
w e [ (o0 (f5 1)+ 3eae - 0ok o'
¢ t % ¢ t %
+4V2 sup Elu(t, x)||2 [/ fzzrfnu(r,x)ufdr] +4V2 sup Ello,x))|2 [/ f2&§||u(r,x)||fdr]
0<t<T 0 0<t<T 0

1 . 1 ;
<E (Jlu(0,0)|I” + [lo(0,)I7) + sup ]E/ (fr+—f(f—1)alz> lu@r, O dr + = sup E ([lutt, )7 + o, x)I|7)
2 2 g<<T

0<t<T

t
+ sup IE/ tcp Y 1)+ —f(f lotr Ol dr +8V2 sup IE/ £2 (52 lu(r, N7 + &2 Nlo@r, x))|7) dr
0 €+ 6y 2 1 2

0<t<T 0<t<T

1
E (1[u(0,0)||” + [[o(0,)[|”) + C, sup E/O (IluCr, N7 + llo@r, 0)I17) dr + EosupTE(uu(r,x)n‘#||v<r,x>||f).
<t<

0<t<T

Hence

1
sup E ([lutt, ) + llow, 0)ll”) <2E (Ilugll” + llvgll”) +2C205UPTE/ (lutr, I + lloer, 011 ”) dr
<t< 0

0<t<T
By applying the Gronwall’s inequality, one gets

sup E ([lut, 0l + o, 0ll7) <2 (lugl” + llogll”) 97 2= ;.
0<1<T
The proof is completed. []

Theorem 2.2. Suppose that for any constant ¢ > 1 such that max { H|, H,} < 0, where
Zp(1+c+p) cfy
p ple +dy)

pried+p -1 o, _
W—f d f§+ f(f 1)02,

H, =¢r+ (¢rk —rk +n+20a)K +

—p - C8d, — 8+ 30 - DF
=(rk + 5+ 20ay)K + f +

with

_ { Vit x, ¢, @I . Vst x, b, @)1
S =min{ in ,inf
€l lu(t, x, ¢, @)I2 R |yt x, b, @)II2

Then the model (3) has a unique stationary distribution = € P(H).

} . &= min(&,.&). £ =min(Z,.5).

Proof. For all # > 1, A > 0, denote function

2t x, b, @) =e (llu(t, x, ) — u(t, x, @)1 + vt x, ) — v(t, x, 9)||7)
A (et x, 4, @I + 1t x, b @)IIT)
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By using It6’s Lemma yields

AE (1, x. b @) =AZ (1, x, . )i + ¥ [f||z<t,x,¢,(p>||f—2<z<t,x,¢,<p), G xg) _ _ruthxe)

1+ ko(t,x,p) 1+ kv(t,x, @)

_ Bu(t, x, p)u(t, x, P) + Bu(t, x, p)u(t, x, @)
€+ 0oy +ut,x,p)+ pu(t,x,p) €+ oy +u(t,x,p)+ puvt,x,p)

= &, it x, b, DN = Loy it, x, b, @I (lutt, x, ) + u(t, x, @) = £(& — Ee M lutt, x, b, @) |

chu(t, x, p) + y)u(t, x, )
€+ oy +u(t,x, )+ puv(t, x, )

+ 2l x, ¢, @2 <;(z, x, $, @),

__ cput, x, @) + y)ult, x, @)
€+ 6y +u(t,x, ) + pv(t, x, 9)

— nu(t, x, P)v(t, x, ) + nu(t, x, p)v(t, x, @) >
= 5,1t x, 6, DN = Carllit, x, b, DI (0, x, §) + 0t x, D)) = £(&o = EIe™ ! it x, &, DI

+ 2d, |t x, . @) XAt X, b, @), 1t x, b, @) + %f(f - Dot @), x, . @)
(5)
+ 2d, |, x, &, @)A1, x, b, @), (1, x, b, @) + %f(f - Do, x, ¢, )l ] dr

- o i, x, ¢, P MAW, (1) = £o, DN, x, b, DI M AW, (1)
SAEW x, b, @)dt + e | 2, x, §, @772t x, b, @), P) + |t x, b )17 72 (1, X, b, @), Py)

+ Cayllut, x, d, @I (lult, x, §) + u(t, x, ) + £ 1, x, b, @I (o1, x, §) + v(t, x, P)II)
= 2d, it x, &, DI Vit x, §, @I = £d, (. x, b, D) 2NV, x, b, @)

= L&t x, 6, N = (& — ENe it x, , @I = 28,1t x, b DT = £y = E)e % It x, b, DI
+ 6= DROIEx b DI + 36 = DO b o | dr

— Lo @t x, ¢, @17 e AW, (1) = Cor (D2, x, b, @I ¥ AW, (1),

where

ru(t, x, ) ru(t, x, @) Pu(t, x, p)v(t, x, P) Pu(t, x, p)v(t, x, @)

= - + ,
L ku(t,x,¢p) 1+ ko(t,x,@) €+6y+u(t,x,¢)+pvt,x,p) €+ by +ut,x, )+ pv(t,x,p)

cplult,x, p)+ v, x,¢)  cplut,x, @) +y)vt, X, ¢)
€+ 6y +u(t,x, )+ pu(t,x,p) €+ 6y +u(t,x, @)+ pv(t, x, p)

2= — nu(t, x, P)ut, x, ) + nu(t, x, p)u(t, x, @).

Note that
Nt x. o) F < it x. 6. 9). P, >

r(1 + ku(t, x, p))(t, x, d, @) rku(t, x, d)j(t, x, P, @)
T+ ko(t, x, )1 + ko, x, 9)) (1 + ko, x, p)(1 + kv(t, x, p))

<l x, 6, @) 7> < U, x, ¢, @)

+ Ble + oy + pu(t, x, P)1v(t, x, )i(t, x, $, @) + Ble + 6y + u(t, x, )u(t, x, ), X, P, @)
(€ + 6y + u(t, x, ) + pu(t, x, P))(e + &y + u(t, x, @) + pv(t, x, p))

<¢ (r + é) . x. . @I + £GkK + Pllatt. x. . @)~ 2. x. . )]l
Then, using Young inequality leads to

E(rkK + B)llit, x, b, @)1~ Ut x, b, @)l < (€ = DOKK + Pt x, b, @)|” + kK + Plyt, x, b, D)
Thus

?llit, x, ¢, w>||“<z(z, x, ¢, @), P1> < [f (r + g) + (¢ = DK + P)| llit, x, ¢, @I + (kK + Pt x, . @) (6)

5
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Similarly

el x, ¢, )17 2 <J<z, x, ., @), P2>

cBr [(e + 8y +u(t, x, Y, x, $, @) + v(t, x, Pu(t, x, b, P)]
(€ + 6y + u(t, x, ) + pv(t, x, P))(€ + 6y + u(t, x, @) + puv(t, x, @))
+ cple + 8y + pu(t, x, p)lv(t, x, p)u(t, x, §, @) + cfle + 6y + u(t, x, P)lu(t, x, )(t, x, $, @)
(€ + 6y + u(t, x, ) + pu(t, x, P))(€ + 6y + u(t, x, @) + pu(t, x, @))

<y, x, ¢, @2 <;(z, x, $, @),

+ nu(t, x, ), x, d, @) + nu(t, x, P)it, x, P, @) >

<<@+ cPy cfylf(1 +p)—1]
- p ple + 6y) p(e +6y)

Substituting (6) and (7) into (5), and then integrating both sides and taking expectations, one gets

+nK> lut, x, . @I + < +71K> . x, o, @I

1 1 1
EZ(x. . ¢) SEZQ. . @) + AE / O x. . o)dr + H,E / ., b @I dr + HE / . x. b @)l dr.
0 0 0

Taking the SUPy pey ON (8) results in
13
sup EZ(t, x, ¢, 9) < sup EZ(0,x,¢, )+ (A+ C3) sup IE/ E(r,x, ¢, p)dr,
¢.peU ¢.peU ¢.0eU 0

where C; = max{H |, H,}.
Using the Gronwall’s inequality leads to

sup EE(t,x,¢,9) < sup EZ(0, x, ¢, p)e#+C3),

¢,pelU $.peU

That is
sup E ([t x, . @I + (. x, . 9)I|7) < sup EZ(0,x, b, @)e".
¢,peU ¢.pelU

Assumption C, < 0, then when 7 — oo, one has

lim sup E (|li(t,x, $, @) + 2, x, ¢, @)|I7) = 0.
1—o0 d),(pEU

Therefore, there has a stationary distribution = € P(H).
Now, we assume that z’ € P(H) is another stationary distribution of model (3). Then, one has

In(g) - ' (g)] < /H IPs@) - Pia(@)lad)r'dp) < Coe
X

where C5 > 0.
Thus

lim () - #'(2)] = 0.

Therefore, we can deduce that the model (3) has a unique stationary distribution. []

3. Conclusion

(7)

(8)

This paper investigates the conditions for the existence and uniqueness of stationary distribution of a stochastic reaction-diffusion
predator—prey model with additional food, fear effect, anti-predator behavior and Ornstein—Uhlenbeck process according to a suitable
Lyapunov functionals. This provides theoretical guidance for exploring the long-term behavior and stability of diffusion population
dynamics models under the interference of Ornstein-Uhlenbeck process. Moreover, this study extends the work of Qi and Liu [7],

innovatively integrates the anti-predator behavior of the population, and uses the more general Ornstein-Uhlenbeck process instead

of the more ideal white noise to accurately capture the behavior pattern of the population in the natural environment.

Data availability

No data was used for the research described in the article.
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